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LET G be a compact Lie group. When G is finite, recent work of Benson and Feshbach [I], 
Martin0 and Priddy [7], [S], [12] and Henn and Priddy [S] gives a fairly satisfactory 
account on the stable homotopy type of the classifying space BG of G. One of the early 
results that led to this successful classification was the following theorem of Nishida. 
THEOREM 1. [ll]. Suppose G, and G, arefinite groups with p-Sylow subgroups P, and 
P,, respectively. If BG, is stably homotopy equivalent to BG, at the prime p, then P, is 
isomorphic to P1. 
By stable homotopy equivalence at a prime p we mean an equivalence when completed 
at p in the sense of Bousfield and Kan [Z]. 
In this note, we will generalize this theorem to compact Lie groups. Recall the following. 
Let G be a compact Lie group. Denote by Go the connected component of the identity. 
When we say a maximal torus T of G, we mean a maximal torus of Go in the usual sense. 
Consider the normalizer N of T in G. It is easy to check that N/T is finite for 
N/N n Go 4 G/Go is finite. Let W, be a p-Sylow subgroup of the Weyl group W = NIT. If 
we denote the projection map N -+ W by Z, then N, = rr - ’ ( W,) is called a p-Sylow 
subgroup of G. Since the maximal tori of G are determined up to conjugacy, so do the p- 
Sylow subgroups of G. 
THEOREM 2. Suppose G, and Gz are compact Lie groups with p-Sylow subgroups P, and 
P,, respectively. If BG, is stably homotopy equivalent to BG, at the prime p, then PI is 
isomorphic to P,. 
Incidentally, this theorem also generalizes a theorem of Mislin [lo] where it was 
assumed the homotopy equivalence is given by a group homomorphism between G, 
and Gz. 
For technical reasons, a disjoint basepoint is added to each of the classifying spaces, 
denoted by BG + . Since BG, = BG v So, a stable homotopy equivalence between BG, and 
BG2 at p is the same as a stable homotopy equivalence between BGr +p^ and BG2 +p^ . The key 
ingredient to the proof is the following result. 
THEOREM 3. [9, Th 2.31. Let K be a compact Lie group and Q a p-group. For each 
conjugacy class (L) of subgroups of Q, the group WoL = N,L/L acts on the set of K- 
conjugacy classes of homomorphisms I,+: L + K. For each representative $ of the W,L-orbit, 
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let 
A$ = {(u, I(/(u))lu~L} c Q x K, NIC/ = N,,,A$ and W# = NII//A+. 
Then there is a canonical map of spectra 
r: v SW*, --, F[BG+, BK,]. 
Jr 
which is an equivalence upon completion at p. Here F [ , ] denotes the function space spectrum. 
Let f: BG, + BG2 be a stable map which induces an equivalence at the prime p. 
Therefore, f also induces an equivalence BG1 + --, BG,, at p. Let Q be any finite p-group. 
Since F[BQ+, BG+] = F[BQ+, BG.;], f induces an isomorphism 
where {X, Y} denotes the group of basepoint preserving stable maps from X to Y of degree 
zero. For any compact Lie group G, let J(Q, G) be the subgroup of {BQ,, BG, } 63 F, 
generated by maps that can be written as BQ, + BP’+ + BG, where P’ is a proper 
subgroup of Q. It follows that f, induces the isomorphism 
Now by looking at just the components of the spectra involved in Theorem 3, we arrive at 
the following 
COROLLARY 4. Let f be a stable map from BG, to BGz which induces an equivalence at a 
prime p. Then f induces the following isomorphism 
f’,CWQ, G,)l ‘* ---+F,CW(Q~ WI 
where Znj(Q, G) denotes the conjugacy classes of injections from Q into G. 
Notice that the isomorphism is not natural with respect o Q. For if Q’ c Q, then there 
are elements in J(Q, G) which does not map into J(Q’, G) under the obvious induced map. 
We will use the following approximation theorem of Feshbach [3] to prove Theorem 2. 
PROPOSITION 5. [3, Cor. 1.21. Suppose we have the following extension: 
where T is a torus and W a p-group. Let T, be the set of all elements in T of order a power of p. 
Then there exists a nested sequence { Fi} offinite p-subgroups of N such that F,IF, n T s W 
with u FinT= T,. Furthermore, we can assume Fi n T = Ti = {x E TIxP‘iWI = l}, and 
Fi = F,* Ti. 
Proof of Theorem 2. The first step is to show the ranks of G, and G, are equal. 
Let ri = rank Gi, i = 1,2. Consider the p-Sylow subgroup Pi of G,, i = 1,2. NOW apply 
Proposition 5 to the extension 
1~ Ti ~ Pi ~ Wi ~ 1 
to yield finite p-subgroups Fi, k of Pi. Denote Fi, L n Ti by Ti, k. By Corollary 4, there are 
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isomorphisms 
for all k. If we set i = 2 in above and notice Znj( T,, k, G,) is not empty for all k, we conclude 
there are injections TZ,k 4 G, for all k. Since T2,k is a finite p-group, we may assume the 
image of T2,k in G, is contained in u F,,, = F,,, c P, [3]. For definiteness, choose an 
injection TZ,k 4 G, for each k so that its image, denoted by Hi,,, is in Pi. 
Now suppose rl < rz. Consider the following injection 
which holds for all k. Recall in Proposition 5 we may assume T,, k = {x E T2 1 xpLIw21 = l} 
from now on. Therefore, Hi,, A T, will only consists of elements of T, of order at most 
pkJ W,l. Since rI < r2, this implies H, I I > (pkl W,I)” HI,,lnkTI - (pkI w,lyI 2 pkl WA But then IWTA 
= 1 W, 1 is finite and thus we have a contradiction if k is large. Hence rl 2 r2. Similar 
argument showed r2 2 r1 and therefore rl = r2. 
The second step is to show the Weyl groups W, , W, are isomorphic. As before we have 
isomorphisms 
F,[Znj(F,,,, G,)l I* -F,[lnj(F,,,, WI 
Therefore we conclude there exists injections F 
4k 
z k--+ F,, m for all k. Denote the image of , 
T2.k under 4k by HI,,. With our assumption on TZ,k, we would like to say H,,, n TI 
= (xe T11xPklw21 = 1 }. However, this might not be true. What is true is there exists an 
integer I, depending only on I W, I, so that we have 
H,,,n T, IJ {xET~IxP~-‘I~~~ = l}. 
To see this, notice if there exists some element belonging to {XE TI IxP’-‘Iw~~ = l} which is 
not in H,,,, then 
As soon as pz > I W, I, we get a contradiction. Since 4k is injective, this means the only 
possible elements of T2,k which could land in {xET~IxP~-‘I~~I = l} are those of TZ,k-,. 
Since the ranks of TI and T2 are equal, this showed & induces an isomorphism between 
T2,k-, and {xET~Ix~‘I~J = 1). Therefore we have the following commutative diagram 
l-T,,-F,,-WI-1 
; ’ *t-r t t 
l-T, k-I- Fz,k-1 -w,-1 
4, 
where $k_r denote the composite FZ,k-Icj F2,k-Fr,, and the other two are the 
obvious induced maps. Now let k be sufficiently large so that I F2,01 I pk-‘l W,(. This is to 
make sure if an element of F2, ,, is mapped into TI, co Via +k _, , then it Will have t0 map into 
{xETJx~*-‘I~ I - 2 l}. Now an easy diagram chase proves that W, + W, is an injection and 
hence I W, I I I W, I. A similar argument gives I W, I I I W, I and therefore W, is isomorphic 
to w,. 
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Step three is to show we have an isomorphism F,, m %’ F,, m. In step two, we showed 
there are injections 1+9~: F,,, -+ F,, co so that for all sufficiently large k, (a) it induces an 
isomorphism between the Weyl groups and (b) Gk( T,, k) = {x E T, 1 xPkm’l wJ = l}. Recall we 
have F,, k = F,, ,, * T2, k for all k. Consider the image of F,, ,, under each $k in F,, m. Notice 
&(Fz,o)~ Tr,m = {x~T,,,lx Iw21 = l} for all sufficiently large k. An easy group cohomol- 
ogy calculation showed there are only a finite number of conjugacy classes of subgroups H 
of Pi,, with HnT,,, = (x~T~,,lx Iw21 = l} cf. [6, Lemma 1.73. Therefore, this implies 
that there are an infinite number of indices k so that $k(FZ,O) are all conjugates in P,, 03. By 
making appropriate conjugations on each tjk(FZ, k), there are an infinite number of indices k 
and injections I&: F,, k -+ F,, co with &(F,,,) being identical. Notice $; carries the same 
properties (a) and (b) as tik of above. Now we may let F,, O be this common image &(F,,,) 
and observe that $; maps F,, ,, isomorphically onto F,, ,,. Since there are only finitely many 
different possible isomorphisms, we conclude that there are an infinite number of indices k 
for which I& IF, o are equal. Denote this infinite set of indices by S,. Consider the restrictions 
of $; to F,, I for ke S,. Since F,, 1 = F,,, - T2, 1 and T2, 1 is finite, this implies that there is 
an infinite subset S, of S, such that Ic/;Ir,~, is identical for all elements of S, . Continuing in 
this fashion, we get a compatible family of injections F,,, + F,, m whose union induces an 
isomorphism F,, m + ” F,,,. 
We are ready to complete the argument. By step three we have the following diagram 
l-T,,- 
i 
i F,,,- W, -1 
” ?a z?ya -TN 
l-T,,-F,,---+ W, -1 
This is equivalent o the following 
ioa am'oj 
l-T,,-F,,-W,-1 
IIt = ta t 11 
l-T, m-F, m ----+ W,-1. 
Since W, is a p-group and T,/T,, m is p-divisible with no p-torsion, it is clear from the long 
exact sequence of cohomology groups that T2, oD 4 T, induces an isomorphism 
H*( W,, T2, ,) -+ H*( W,, T,) for * 2 1. Let C, be a class in H2( W,, T2, ,) which repre- 
sents the extension 1 -+ T,. m + F2, m + W, --+ 1 and C, be a class which represents 
1 + T2,*zF 
or-‘Oj 
1 
in H2( W,, T,,,j. 
m - W, + 1. The above commutative diagram indicates that C, = C, 
N ow the image of C, in H2( W,, T2) corresponds to the extension 
1 + T, -+ P, --, W, + 1. This means the image of C, in H2( W,, T,) will be an extension 
equivalent to 1 + T2 + P, + W, + 1, say 1 -+ T2 -+ P -+ W, + 1. Notice this implies P is 
isomorphic to P,. We claim P is also isomorphic to P, and thus we are done. To prove the 
claim, observe one may think of P,, m being a subgroup of P. Since the action of W, on T, in 
the extension of P is determined by the induced action on T2, oo, this implies P is in fact 
isomorphic to P,. 0 
Recall that a compact Lie group G is called p-nilpotent if and only if there is a finite 
normal subgroup G,, of order prime to p which together with N, generates G [4]. We have 
COROLLARY 6. Suppose G, and G, are p-nilpotent compact Lie groups. Then BG, is stably 
homotopy equivalent to BG, at p if and only if G,/G,,,, is isomorphic to G2/G2,pC. 
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proof By hypothesis, Ni, pfNi,P n Gi,P. > G,fG,,., is p-toral. Since BGi is stably 
homotopy equivalent to B(G,/G,, pf) at p, Theorem 2 implies Cl/G,,,, is isomorphic to 
W%p~. The converse is now clear. cl 
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